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Let Rn be the n-dimensional Euclidean space with O as the origin.
Let ∧ be a lattice of determinant 1 such that there is a sphere
|X| < R which contains no point of ∧ other than O and has n
linearly independent points of ∧ on its boundary. A well-known
conjecture in the geometry of numbers asserts that any closed
sphere in Rn of radius
√
n/4 contains a point of ∧. This is known
to be true for n 6. Here we prove a more general conjecture of
Woods for n = 7 from which this conjecture follows in R7. Together
with a result of C.T. McMullen (2005), the long standing conjecture
of Minkowski follows for n = 7.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
H. Minkowski is believed to have made the following conjecture about the product of non-
homogeneous linear forms:
Let Li = ai1x1 + · · · + ainxn, 1  i  n, be n real linear forms in n variables x1, . . . , xn and having
determinant  = det (aij) = 0. For any given real numbers c1, . . . , cn there exist integers x1, . . . , xn
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∣∣(L1 + c1) · · · (Ln + cn)∣∣ ||/2n.
This was proved by Minkowski [17] for n = 2. Since then several authors have given a variety of proofs
for the 2-dimensional case. For n = 3, the conjecture was ﬁrst proved by Remak [19]. A simpler proof
was given by Davenport [7] on the same lines. (Different proofs were given by Birch and Swinnerton-
Dyer [4] and Narzullaev [18].) For n = 4, the conjecture was proved by Dyson [8]. The proof follows the
approach known as Remak–Davenport approach. It consists of solving the following two conjectures:
Conjecture I. For any lattice ∧ in Rn there is an ellipsoid
E: a1x
2
1 + · · · + anx2n < 1
which contains no point of ∧ other than O but has n linearly independent points of ∧ on its boundary.
Conjecture II. If ∧ is a lattice of determinant 1 and there is a sphere |X | < R which contains no point of ∧
other than O and has n linearly independent points of ∧ on its boundary then ∧ is a covering lattice for the
closed sphere of radius
√
n/4. Equivalently every closed sphere of radius
√
n/4 lying in Rn contains a point
of ∧.
In view of a result of Birch and Swinnerton-Dyer [4], we need consider only those lattices L for
which the homogeneous minimum mH (L) > 0, where
mH (L) = inf
{|x1x2 · · · xn|: X = (x1, x2, . . . , xn) ∈ L, X = O}.
So for the purpose of proving Minkowski’s conjecture one may replace Conjecture I by Conjecture I′ .
Conjecture I′ . Conjecture I is true for lattices whose homogeneous minimum is positive.
Table 1 displays the history of these conjectures.
Table 1
Conjecture I Conjecture II
n = 3 Remak [19] Remak [19]
Davenport [7] Davenport [7]
McMullen [16] Mahler [15]
n = 4 Dyson [8] Hofreiter [13]
Dyson [8]
Conjecture I′ Cleaver [6]
Woods [22]
Skubenko [20]
Bambah and Woods [2]
McMullen [16]
n = 5 Skubenko [20,21] Woods [23]
Bambah and Woods [3]
McMullen [16]
n = 6 McMullen [16] Woods [24]
n 7 McMullen [16]
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and Lekkerkerker [11] and Bambah et al. [1]. Fluckiger [9] has recently proved that Minkowski’s con-
jecture holds for the maximal totally real subﬁelds of cyclotomic ﬁelds of prime power conductor.
In this paper we shall prove Conjecture II for n = 7, thereby proving Minkowski’s Conjecture for
n = 7. Woods [23] formulated a conjecture from which Conjecture II follows immediately. To state
Woods’ conjecture, we need to introduce some terminology.
Let L be a lattice in the Euclidean space Rn. By the reduction theory of quadratic forms intro-
duced by Korkine and Zolotareff [14], a cartesian co-ordinate system may be chosen in Rn in such a
way that L has a basis of the form (A1,0,0, . . . ,0), (a2,1, A2,0, . . . ,0), . . . , (an,1,an,2, . . . ,an,n−1, An),
where A1, A2, . . . , An are all positive and further for each i = 1,2, . . . ,n any two points of the lat-
tice in Rn−i+1 with basis (Ai,0, . . . ,0), (ai+1,i, Ai+1,0, . . . ,0), . . . , (an,i,an,i+1, . . . ,an,n−1, An) are at a
distance at least Ai apart.
Conjecture III (Woods). If A1A2 · · · An = 1 and Ai  A1 for each i then any closed sphere in Rn of radius√
n/2 contains a point of L.
Woods [22–24] proved Conjecture III for 4 n 6 (see also Cleaver [6] for n = 4). Recently Hans-
Gill et al. [12] have given a simpler and uniﬁed proof of Woods Conjecture for n  6. Here we shall
prove
Theorem. Conjecture III is true for n = 7.
It may be remarked that one can easily supplement this proof to show that in fact any open sphere
with radius
√
7/2 contains a point of L, except in the case A1 = A2 = · · · = A7 = 1.
2. Preliminary lemmas
Let L be a lattice in Rn reduced in the sense of Korkine and Zolotareff. Let A1, A2, . . . , An be as
deﬁned in Section 1. Let (Sn) denote the critical determinant of the unit sphere with center O in Rn .
We state below some preliminary lemmas. Lemmas 1 and 2 are due to Woods [22] while Lemma 3
is due to Korkine and Zolotareff [14]. In Lemma 4, the case n = 3 is a classical result of Gauss, n = 4
and 5 are due to Korkine and Zolotareff [14] while n = 6 and n = 7 are due to Blichfeldt [5].
Lemma 1. If 2(Sn+1)An1  d(L) then any closed sphere of radius
R = A1
{
1− (An1(Sn+1)/d(L))2}1/2
in Rn contains a point of L.
Lemma 2. For a ﬁxed integer i with 1 i  n − 1, denote by L1 the lattice in Ri with the reduced basis
(A1,0, . . . ,0), (a2,1, A2,0, . . . ,0), . . . , (ai,1,ai,2, . . . ,ai,i−1, Ai)
and denote by L2 the lattice in Rn−i with the reduced basis
(Ai+1,0, . . . ,0), (ai+2,i+1, Ai+2,0, . . . ,0), . . . , (an,i+1,an,i+2, . . . ,an,n−1, An).
If any sphere in Ri of radius r1 contains a point of L1 and if any sphere in Rn−i of radius r2 contains a point
of L2 then any sphere in Rn of radius (r21 + r22)1/2 contains a point of L.
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3
4 A
2
i and A
2
i+2 
2
3 A
2
i .
Lemma 4. (Sn) = 1/
√
2,1/2,1/2
√
2,
√
3/8 and 1/8 for n = 3,4,5,6 and 7 respectively.
3. Plan of the proof
We use the notation and approach of Woods [22–24], but our method of dealing with various
inequalities is somewhat different. Following Woods we assume that Conjecture III is false for n = 7
and derive a contradiction. Let L be a lattice satisfying the hypothesis of the conjecture for n = 7.
Suppose that there exists a closed sphere of radius 12
√
7 in R7 that contains no point of L. Write
A = A21, B = A22, C = A23, D = A24, E = A25, F = A26 and G = A27. As d(L) = 1, we have ABCDEFG = 1.
We give some examples of inequalities that arise. Let Li, 1  i  4, be lattices in R1 with basis
(Ai) and L5 be a lattice in R3 with basis (A5,0,0), (a6,5, A6,0), (a7,5,a7,6, A7). Clearly any closed
1-sphere of radius 12 Ai contains a point of Li for 1 i  4. By Lemma 1, if 2(S4)A35  A5A6A7 then
any closed 3-sphere of radius
A5
(
1−
{
A35(S4)
A5A6A7
}2)1/2
contains a point of L5. Applying Lemma 2 repeatedly we see that if 2(S4)A35  A5A6A7 then any
closed 7-sphere of radius
(
1
4
A21 +
1
4
A22 +
1
4
A23 +
1
4
A24 + A25 −
A85(S4)
2
A25A
2
6A
2
7
)1/2
contains a point of L. By the initial hypothesis this radius exceeds 12
√
7. Since (S4) = 1/2 and
A1A2 · · · A7 = 1, this results in the conditional inequality
if E2  FG then A + B + C + D + 4E − E4ABCD > 7. (3.1)
We call this inequality (1,1,1,1,3), since it corresponds to the ordered partition (1,1,1,1,3) of 7 for
the purpose of applying Lemma 2. Similarly the conditional inequality (1,1,1,1,1,2) corresponding
to the ordered partition (1,1,1,1,1,2) is
if 2F  G then A + B + C + D + E + 4F − 2F
2
G
> 7. (3.2)
Since 4F − 2F 2/G  2G , the second inequality in (3.2) gives
A + B + C + D + E + 2G > 7. (3.3)
Using ABCDEFG = 1, the second inequality in (3.2) can also be written as
A + B + C + D + E + 4F − 2F 3ABCDE > 7. (3.4)
Inequality (4,1,1,1) is
if A4E FG  2 then 4A − 1 A5E FG + E + F + G > 7. (3.5)
2
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it, by using Lemmas 1 and 2, is also denoted by (λ1, λ2, . . . , λs).
Throughout the paper we shall use the following notation:
a = A − 1, b = |B − 1|, c = |C − 1|, d = |D − 1|, e = |E − 1|, f = |F − 1|, g = |G − 1|.
We can assume A > 1, because if A  1, we must have A = B = C = D = E = F = G = 1. In this
case Conjecture III can be seen to be true using inequality (1,1,1,1,1,1,1). Also the lattice L has
no point in the interior of the sphere of radius A1 centered at the origin. Therefore (A1S7) 1. As
(S7) = 18 we get A7  64 which implies A < 2.
Each of B,C, . . . ,G can either be > 1 or  1. This gives rise to 26 = 64 cases which are listed in
Table 2. There we have listed the proposition in which each case is considered. We have also indicated
the inequalities used to get a contradiction against each of the 59 easy cases. The remaining 5 cases
which have no inequality listed against them need more intricate analysis of available inequalities.
These cases are dealt with separately in Section 4.3. We would like to remark that in many cases
there are alternative ways to get a contradiction. We have chosen to describe the method which we
ﬁnd convenient.
4. Proof of the theorem
In Section 4.1, we give some observations, which we will use in the proof, sometimes without a
speciﬁc mention. In Section 4.2, we illustrate how contradiction is obtained in the easy cases. Since
the inequalities to be used are mentioned against each of these cases in Table 2, we take up only
one case for illustration out of the cases under consideration in each proposition. In Section 4.3, we
will deal with the diﬃcult cases. Some of the easy cases also follow from Proposition 1 of [12], but
here we have provided all details so that this paper can be read independently. Using the method
described here we can also settle a large number of cases for n = 8. Only 2 out of 128 cases remain
to be tackled.
4.1. Observations
The following observations help us to check that the conditions in certain inequalities are satisﬁed.
If the conditions in an inequality (λ1, λ2, . . . , λs) are satisﬁed then we say that (λ1, λ2, . . . , λs) holds.
(i) Since A1  Ai for 2  i  7, we have
√
2A1  A2 and A21  A2A3. Thus (2,1,1,1,1,1) and
(3,1,1,1,1) hold.
(ii) Using Lemma 3, we get
√
2Ai  Ai+1 for i = 2,3,4. Equivalently
2B  C, 2C  D, 2D  E.
Thus (1,2,1,1,1,1), (1,2,2,1,1), (3,2,1,1), etc., always hold.
(iii) If Ai > 1 then A2i+3 
3
4 A
2
i+2 
3
4 · 23 A2i > 12 . Thus if we also have
Ai+4  1, then
√
2Ai+3 > Ai+4.
(iv) Similarly if Ai > 1 then
3
2 A
2
i+2  A2i > 1. Thus if
Ai+3  1, then
√
2Ai+2 > Ai+3.
The following observation will be frequently used to get bounds on the inequalities involving the
component 2 (e.g. see how (3.3) is obtained from (3.2)).
(v) For any positive real numbers x, y we have
4x− 2x2/y  2y.
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Case A B C D E F G Proposition Inequalities
1 > > > > > > > 1 ABCDEFG = 1
2 > > > > > >  2 (1,1,1,1,1,2)
3 > > > > >  > 2 (1,1,1,1,2,1)
4 > > > > >   5 (1,1,1,1,3)
5 > > > >  > > 2 (1,1,1,2,1)
6 > > > >  >  3 (1,1,1,2,2)
7 > > > >   > 5 (1,1,1,3,1)
8 > > > >    14
9 > > >  > > > 2 (1,1,2,1,1,1)
10 > > >  > >  3 (1,1,2,1,2)
11 > > >  >  > 3 (1,1,2,2,1)
12 > > >  >   8 (2,2,3)
13 > > >   > > 5 (1,1,3,1,1)
14 > > >   >  8 (2,3,2)
15 > > >    > 13
16 > > >     15
17 > >  > > > > 2 (1,2,1,1,1,1)
18 > >  > > >  3 (1,2,1,1,2)
19 > >  > >  > 3 (1,2,1,2,1)
20 > >  > >   7 (3,1,3)
21 > >  >  > > 3 (1,2,2,1,1)
22 > >  >  >  4 (1,2,2,2)
23 > >  >   > 7 (3,3,1)
24 > >  >    5 (1,2,2,1,1), (3,1,1,1,1)
25 > >   > > > 5 (1,3,1,1,1)
26 > >   > >  10 (1,3,1,1,1), (2,2,1,2), (1,2,1,1,2)
27 > >   >  > 10 (1,3,1,1,1), (2,2,2,1), (1,2,1,2,1)
28 > >   >   5 (1,2,1,2,1), (3,1,1,1,1)
29 > >    > > 11
30 > >    >  5 (1,2,1,1,2), (3,1,1,1,1)
31 > >     > 12
32 > >      5 (1,2,1,1,1,1), (3,1,1,1,1)
33 >  > > > > > 2 (2,1,1,1,1,1)
34 >  > > > >  3 (2,1,1,1,2)
35 >  > > >  > 3 (2,1,1.2,1)
36 >  > > >   9 (2,1,1,3)
37 >  > >  > > 3 (2,1,2,1,1)
38 >  > >  >  4 (2,1,2,2)
39 >  > >   > 7 (3,3,1)
40 >  > >    5 (2,2,1,2), (1,1,1,3,1)
41 >  >  > > > 3 (2,2,1,1,1)
42 >  >  > >  4 (2,2,1,2)
43 >  >  >  > 4 (2,2,2,1)
44 >  >  >   4 (2,2,2,1)
45 >  >   > > 9 (2,3,1,1)
46 >  >   >  4 (2,2,1,2)
47 >  >    > 5 (2,2,1,1,1), (3,1,1,1,1)
48 >  >     3 (2,2,1,1,1)
49 >   > > > > 5 (3,1,1,1,1)
50 >   > > >  5 (2,1,2,2), (3,1,1,1,1)
51 >   > >  > 5 (2,1,1,2,1), (3,1,1,1,1)
52 >   > >   7 (3,1,3)
53 >   >  > > 5 (2,1,2,1,1), (3,1,1,1,1)
54 >   >  >  4 (2,1,2,2)
55 >   >  > > 5 (2,1,2,1,1), (3,1,1,1,1)
56 >   >    3 (2,1,2,1,1)
57 >    > > > 6 (2,2,1,1,1), (3,1,1,1,1)
58 >    > >  5 (2,2,1,2), (3,1,1,1,1)
59 >    >  > 5 (2,1,1,2,1), (3,1,1,1,1)
60 >    >   3 (2,1,1,2,1)
61 >     > > 6 (2,2,1,1,1), (2,1,2,1,1), (3,1,1,1,1)
62 >     >  3 (2,1,1,1,2)
63 >      > 5 (2,1,1,1,1,1), (3,1,1,1,1)
64 >       1 (2,1,1,1,1,1)
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In this section we will take Xi to be positive real numbers for 1 i  7 satisfying
X1 > 1, X1X2X3X4X5X6X7 = 1 and xi = |Xi − 1|. (∗)
Proposition 1. Cases (1) and (64) do not arise.
Proof. Clearly Case (1) cannot arise as ABCDEFG = 1. In Case (64) i.e. A > 1, B  1, C  1, D  1,
E  1, F  1, G  1 we apply the inequality (2,1,1,1,1,1) to get 4A − 2A2B + C + D + E + F + G > 7.
By Observation (v) this implies 2B + C + D + E + F + G > 7 which is clearly not true. 
Lemma 5. Let Xi be positive real numbers for 1 i  7 satisfying (∗). Further let Xi > 1 for 3 i  7, then
we have
S1 = 4X1 − 2X
2
1
X2
+ X3 + · · · + X7  7.
Proof. Let β = ∑3i7xi . Then using X1X2X3X4X5X6X7 = 1 we have S1 = 4X1 − 2X31 X3 · · · X7 +
X3 + · · · + X7  4X1 − 2X31(1+ β) + 5+ β. As the coeﬃcient of β namely 1− 2X31 is less than 0 and
β  0, we can replace β by 0 to get S1  4X1 − 2X31 + 5, which is clearly at most 7. 
Proposition 2. Cases (2), (3), (5), (9), (17) and (33) do not arise.
Proof. Here we apply Lemma 5. For example consider Case (2) i.e. A > 1, B > 1, C > 1, D > 1, E > 1,
F > 1, G  1.
As 2F > 1 G , therefore (1,1,1,1,1,2) holds i.e. A+ B+C +D+ E+4F − 2F 2G > 7. Taking X1 = F ,
X2 = G , X3 = A, X4 = B , X5 = C , X6 = D and X7 = E in Lemma 5 we get a contradiction. 
Lemma 6. Let Xi be positive real numbers for 1  i  7 satisfying (∗). Suppose that either (a) each of
X2, X4, X5, X6, X7  1 or (b) 2 Xi > 1 for i = 1,3,5,6,7, then we have
S2 = 4X1 − 2X
2
1
X2
+ 4X3 − 2X
2
3
X4
+ X5 + · · · + X7  7.
Proof. By Observation (v) we have S2  2X2 + 2X4 + X5 + X6 + X7 which is at most 7 if (a) holds.
Now suppose that (b) holds. Here we shall use AM–GM inequality and X1X2X3X4X5X6X7 = 1
to get S2  4X1 + 4X3 + X5 + X6 + X7 − 4(X31 X33 X5X6X7)
1
2 . Since right side of this inequality is a
decreasing function of X7 for X7  2 and X7 > 1 so we can replace X7 by 1 to get S2  4X1 + 4X3 +
X5 + X6 + 1 − 4(X31 X33 X5X6)
1
2 . Using similar argument with X6, X5, X3 and X1 successively we get
S2  7. 
Proposition 3. Cases (48), (56), (60), (62) and (6), (10), (11), (18), (19), (21), (34), (35), (37), (41) do not arise.
Proof. We apply Lemma 6(a) in the ﬁrst four cases. For example consider Case (48) i.e. A > 1, B  1,
C > 1, D  1, E  1, F  1, G  1. As (2,2,1,1,1) holds, therefore 4A − 2A2B + 4C − 2C
2
D + E + F +
G > 7. Using Lemma 6(a) with X1 = A, X2 = B , X3 = C , X4 = D , X5 = E , X6 = F and X7 = G we get
a contradiction.
We apply Lemma 6(b) in the remaining cases. For example consider Case (6) where A > 1, B > 1,
C > 1, D > 1, E  1, F > 1, G  1.
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2
G > 7.
Using Lemma 6(b) with X1 = D , X2 = E , X3 = F , X4 = G , X5 = A, X6 = B and X7 = C we get a con-
tradiction. 
Lemma 7. Let Xi be positive real numbers for 1  i  7 satisfying (∗). Suppose that either (a) each of
X2, X4, X6, X7  1 or (b) 2 Xi > 1 for i = 1,3,5,7 then we have
S3 = 4X1 − 2X
2
1
X2
+ 4X3 − 2X
2
3
X4
+ 4X5 − 2X
2
5
X6
+ X7  7.
Proof. If the condition (a) holds then by Observation (v) we have S3  2X2 + 2X4 + 2X6 + X7  7.
Now suppose that (b) holds. Then using AM–GM inequality and X1X2X3X4X5X6X7 = 1 we have S3 
4X1 + 4X3 + 4X5 − 6X1X3X5X
1
3
7 + X7. As X7 − 6X1X3X5X
1
3
7 is a decreasing function of X7 for X7  2,
and since X7 > 1 we can replace X7 by 1 to get S3  1 + 4X1 + 4X3 + 4X5 − 6X1X3X5. As 4 −
6X1X3 < 0 and X5 > 1, therefore ﬁrstly X5 and then X3 can be replaced by 1 to get S3 < 9 −
2X1 < 7. 
Proposition 4. Cases (44), (46), (54) and (22), (38), (42), (43) do not arise.
Proof. We apply Lemma 7(a) in the ﬁrst three cases. In Case (44) i.e. A > 1, B  1, C > 1, D  1,
E > 1, F  1, G  1 the inequality (2,2,2,1) holds. So we have 4A − 2A2B + 4C − 2C
2
D + 4E − 2E
2
F +
G > 7. Using Lemma 7(a) with X1 = A, X2 = B , X3 = C , X4 = D , X5 = E , X6 = F and X7 = G , we get
a contradiction.
We apply Lemma 7(b) in the remaining cases. For example consider Case (22) in which A > 1,
B > 1, C  1, D > 1, E  1, F > 1, G  1. Here (1,2,2,2) holds i.e. A + 4B − 2B2C + 4D − 2D
2
E + 4F −
2F 2
G > 7. Using Lemma 7(b) with X1 = B , X2 = C , X3 = D , X4 = E , X5 = F , X6 = G and X7 = A we get
a contradiction. 
Lemma 8. Let Xi be positive real numbers for 1 i  7 satisfying (∗). Let
γ =
∑
4i7
Xi1
xi and δ =
∑
4i7
Xi>1
xi .
Suppose that either
(i) Xi > 1 for each i, 4 i  7, or
(ii) γ  x1  0.5, or
(iii) γ  δ/2 and δ  3x1 with x1  0.435, or
(iv) γ  34 δ and δ  2x1 with x1  0.39,
then
S4 = 4X1 − X41 X4 · · · X7 + X4 + · · · + X7  7.
Proof. Here we have
S4  4X1 − X41(1− γ )(1+ δ) + 4− γ + δ. (4.1)
As the coeﬃcient of δ namely 1 − X41(1 − γ ) is negative for 0  γ  x1  0.5 and δ  0 we can
replace δ by 0 to get S4  4X1 − X41(1− γ ) + 4− γ . In Case (i) γ = 0 and this gives S4  7 without
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by x1 to get S4  4X1 − X41(1− x1)+4− x1, which can be easily veriﬁed to be at most 7 for x1  0.5.
To prove (iii) we proceed as follows: As the coeﬃcient of γ in (4.1) namely X41(1 + δ) − 1 is
positive, so we can replace γ by δ/2 to get S4  4X1 − X41(1− δ/2)(1 + δ) + 4+ δ/2 = φ(δ), say. As
φ′′(δ) > 0, φ(δ) has a unique minimum in 0 δ  3x1. This gives φ(δ)max{φ(0),φ(3x1)}. This can
be easily seen to be less than 7 for x1  0.435.
The proof of (iv) is similar. 
Proposition 5. Cases (4), (7), (13), (25), (49) and (24), (28), (30), (32), (40), (47), (50), (51), (53), (55), (58),
(59), (63) do not arise.
Proof. We apply Lemma 8(i) in the ﬁrst ﬁve cases. For example consider Case (4) in which A > 1,
B > 1, C > 1, D > 1, E > 1, F  1, G  1. As E2 > 1 FG , therefore (1,1,1,1,3) holds i.e. A + B +
C + D +4E − E4ABCD > 7. Taking X1 = E , X4 = A, X5 = B , X6 = C and X7 = D in Lemma 8(i) we get
a contradiction.
We apply Lemma 8(ii) in the remaining cases. For example consider Case (28) in which A > 1,
B > 1, C  1, D  1, E > 1, F  1, G  1. From Lemma 3 we have A  32C 
3
2 . Here (1,2,1,2,1)
holds and hence A + 2C + D + 2F + G > 7. This gives a − 2c − d − 2 f − g > 0 and so d + f + g < a.
Also (3,1,1,1,1) holds i.e. 4A− A4DEFG + D+ E + F +G > 7. Using Lemma 8(ii) with γ = d+ f + g ,
x1 = a, X1 = A, X4 = D , X5 = E , X6 = F and X7 = G we get a contradiction as γ  x1 = a 12 . 
Proposition 6. Cases (57) and (61) do not arise.
Proof. In Case (57) we have A > 1, B  1, C  1, D  1, E > 1, F > 1, G > 1. From Lemma 3 we have
A  43 B 
4
3 . As (2,2,1,1,1) holds, therefore 2B + 2D + E + F + G > 7. This gives −2b− 2d+ e+ f +
g > 0 which implies d < 12 (e + f + g). Also (3,1,1,1,1) holds, therefore 4A − A4DEFG + D + E +
F +G > 7. Using Lemma 8(iii), with γ = d, δ = e+ f + g , x1 = a, X1 = A, X4 = D , X5 = E , X6 = F and
X7 = G we get a contradiction as γ < δ2 , δ  3a, a 13 .
We apply Lemma 8(iv) in Case (61) in which A > 1, B  1, C  1, D  1, E  1, F > 1, G > 1.
Using (2,2,1,1,1), (2,1,2,1,1) we get −2b−2d− e+ f + g > 0 and −2b− c−2e+ f + g > 0 and so
2d+ e < f + g and e < f+g2 . These two together give d+ e < 34 ( f + g). Also (3,1,1,1,1) holds. Using
Lemma 8(iv) with γ = d + e, δ = f + g , x1 = a 13 , X1 = A, X4 = D , X5 = E , X6 = F and X7 = G we
arrive at a contradiction. 
Lemma 9. Let Xi be positive real numbers for 1 i  7 satisfying (∗). Further let X1  X7 > 1 and X4 > 1.
Then we have
S5 = 4X1 − X41 X4X5X6X7 + 4X4 − X44 X1X2X3X7 + X7  7.
Proof. Using AM–GM inequality and X1X2X3X4X5X6X7 = 1 we have S5  4X1 + 4X4 + X7 −
2X21 X
2
4 X
1
2
7 . We ﬁnd that X7 − 2X21 X24 X
1
2
7 is a decreasing function of X7 for X1  X7 > 1. Therefore
we can replace X7 by 1 to get S5  4X1 + 4X4 − 2X21 X24 + 1, which is clearly at most 7 for X1 > 1
and X4 > 1. 
Proposition 7. Cases (20), (23), (39) and (52) do not arise.
Proof. Here we consider Case (20) in which A > 1, B > 1, C  1, D > 1, E > 1, F  1, G  1. In this
case (3,1,3) holds i.e. 4A − A4DEFG + D + 4E − E4ABCD > 7. Now applying Lemma 9 with X1 = A,
X4 = E , X5 = F , X6 = G , X7 = D , X2 = B and X3 = C we get a contradiction. Proof of other cases is
similar. 
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Proof. In Case (12) i.e. A > 1, B > 1, C > 1, D  1, E > 1, F  1, G  1. Here (2,2,3) holds i.e.
4A − 2A2B + 4C − 2C
2
D + 4E − E4ABCD > 7. Using AM–GM inequality, we have A
2
B + C
2
D + E4ABCD 
3{ A2B C
2
D E
4ABCD}
1
3
. Therefore we get 4A − A2B + 4C − C
2
D + 4E − 3AC E
4
3 > 7. As A
2
B  A and
C2
D > C
we get 3A + 3C + 4E − 3AC E 43 > 7. Since left side of this inequality is a decreasing function of E for
1< E  A we can replace E by 1 to get A + C − AC > 1 which is clearly not true as A > 1 and C > 1.
Proof of (14) is similar. 
Proposition 9. Cases (36) and (45) do not arise.
Proof. In Case (45) we have A > 1, B  1, C > 1, D  1, E  1, F > 1, G > 1. Here (2,3,1,1) holds
i.e. 4A − 2A2B + 4C − C4ABFG + F + G > 7. Using AM–GM inequality and B  1 we have 4A − A2 +
4C + F + G − 2A 32 C2F 12 G 12 > 7. As F − 2A 32 C2F 12 G 12 is a decreasing function of F for 1 < F  A,
therefore 4A − A2 + 4C + G − 2A 32 C2G 12 > 6. Similarly replacing G,C and A successively by 1 we get
a contradiction.
Proof of (36) is similar. 
Proposition 10. Cases (26) and (27) do not arise.
Proof. In Case (26), we have A > 1, B > 1, C  1, D  1, E > 1, F > 1, G  1. By Lemma 3 we get
a 12 , b 
1
3 and e 
1
2 . As B
2  CD, the inequality (1,3,1,1,1) holds i.e. A+4B− B4AE FG+ E+ F +
G > 7. If g  b, apply Lemma 8(ii) with X1 = B , X4 = A, X5 = E , X6 = F , X7 = G and γ = g  b = x1
to arrive at a contradiction.
Suppose now g > b. Here (2,2,1,2) holds and hence 2b − 2d + e − 2g > 0. This gives d < 12 e.
Also (1,2,1,1,2) holds i.e. A + 4B − 2B2C + D + E + 4F − 2F
2
G > 7. Using AM–GM inequality and
ABCDEFG = 1, we get A + 4B + D + E + 4F − 4√B3F 3ADE > 7. Since DE = (1 − d)(1 + e) > (1 −
1
2 e)(1+ e) > 1, left side of this inequality is a decreasing function of B and B > 1, so we get A + D +
E + 4F − 4√F 3ADE > 3. Similarly replacing F by 1, A by E and D by 1 − 12 e successively we get
4+ 32 e − 4(1+ e)
√
1− 12 e > 0, which is clearly not true for e  12 .
Using similar arguments in Case (27) with inequalities (1,3,1,1,1), (2,2,2,1) and (1,2,1,2,1)
we arrive at a contradiction. 
4.3. Diﬃcult cases
In this section we need to maximize frequently functions of several variables. While doing this we
shall ﬁnd it convenient to name the function involved as φ(x),ψ(y), etc., to indicate that it is being
regarded as function of that variable and other variables are kept ﬁxed. Sometimes same name is
given to different functions in the proof of a proposition. We think it causes no confusion since in the
proof of a particular claim we have taken care that different names are given to different functions.
Lemma 10. Let Xi , 1 i  7, γ and δ be as deﬁned in Lemma 8. Suppose that either
(i) δ  2γ and γ  2x1 with x1  0.226, or
(ii) δ  43γ and γ  2x1 with x1  0.175.
Then
S4 = 4X1 − X41 X4 · · · X7 + X4 + · · · + X7  7.
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function of δ ﬁrst. The coeﬃcient of δ in (4.1) namely 1− X41(1−γ ) is negative for γ  2x1, x1  0.25.
So to prove (i) we replace δ by 2γ to get S4  4X1 − X41(1− γ )(1 + 2γ ) + 4+ γ = ψ(γ ), say. Since
ψ ′′(γ ) > 0, ψ(γ ) has a unique minimum in 0  γ  2x1, therefore ψ(γ )  max(ψ(0),ψ(2x1)) < 7
for x1  0.226. The proof of (ii) is similar. 
Lemma 11. Let Xi > 1 be real numbers for 1 i  4 with X51 > 2. Then
S6 = 4X1 − 1
2
X51 X2X3X4 + X2 + X3 + X4 < 7.
Proof. As the coeﬃcient of X4 in S6 namely 1− 12 X51 X2X3 is less than 0 and X4 > 1, therefore we can
replace X4 by 1 and get S6  4X1 − 12 X51 X2X3 + X2 + X3 + 1. Arguing similarly, we can successively
replace X2 and X3 by 1 and get S6  4X1 − 12 X51 +3. As 4X1 − 12 X51 +3 is a decreasing function of X1
and X1 > 21/5, we get the desired result. 
Proposition 11. Case (29) i.e. A > 1, B > 1, C  1, D  1, E  1, F > 1, G > 1 does not arise.
Proof. Here by Lemma 3, a 12 , b 
1
3 and e 
1
2 . Let f + g = h. Using the inequalities (1,2,2,1,1),
(2,2,1,1,1) and (2,1,2,1,1) we get
a − 2c − 2e + h > 0, (4.2)
2b − 2d − e + h > 0, (4.3)
2b − c − 2e + h > 0. (4.4)
Then (4.2) implies
2e < a + h. (4.5)
Claim (i). a < 0.26.
We have AE FG > (1+ a + h)(1− e) > (1+ 2e)(1− e) 1 as e  1/2. Suppose a 0.26. This gives
A3 > 2. Therefore A4E FG > 2 and hence (4,1,1,1) holds. Therefore
4A − 1
2
A5E FG + E + F + G > 7.
As the coeﬃcient of E namely 1 − 12 A5FG is less than 0 and E > 1AFG , therefore 4A − 12 A4 + 1AFG +
F + G > 7. Further F + 1AFG is an increasing function of F for 1< F  A and G + 1A2G is an increasing
function of G for 1< G  A, we can replace F by A and G by A to get 6A − 12 A4 + 1A3 > 7. It can be
easily seen that this is not true for a 12 .
Claim (ii). b < 0.149.
Assume that b  0.149. This gives B5 > 2. Then B4AFG  B5FG  B5 > 2 therefore (1,4,1,1)
holds. That is
4B − 1
2
B5AFG + A + F + G > 7.
Using Lemma 11 with X1 = B , X2 = A, X3 = F and X4 = G we get a contradiction.
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Assume e  2b. As B2  CD , inequality (1,3,1,1,1) holds. Therefore 4B − B4AE FG + A + E + F +
G > 7. Using Lemma 10(i) with X1 = B , X4 = A, X5 = E , X6 = F , X7 = G , γ = e, δ = a + f + g =
a + h > 2γ and x1 = b < 0.149 we get a contradiction.
Claim (iv). a > 0.2.
Suppose a 0.2. As (2,1,1,1,1,1) holds, therefore 4A − 2A3CDE FG + C + D + E + F + G > 7 and
therefore
4A − 2A3D(1+ h)(1− (c + e))+ D + h + (1− (c + e))> 4.
Using (4.3) and Claim (iii) we ﬁnd that 2d < h and so D(1 + h) > (1 − h2 )(1 + h) > 1 for h  2a < 1.
Thus the coeﬃcient of (1 − (c + e)) namely 1 − 2A3D(1 + h) is negative. Since c + e < a+h2 by (4.2),
we can replace (1 − (c + e)) by 1 − a+h2 to get 4A − 2A3D(1 + h)(1 − a+h2 ) + D + h + (1 − a+h2 ) > 4.
Again the coeﬃcient of D namely 1−2A3(1+h)(1− a+h2 ) is negative for a+h 3a < 1, therefore we
can replace D by 1− h2 to get φ(h) = 4A − 2A3(1+ h)(1− a+h2 )(1− h2 )+ (1− h2 )+ h + (1− a+h2 ) > 4.
It is easy to see that φ(h) is an increasing function of h for h 2a, therefore φ(h) φ(2a). This gives
8a2 + 32a3 + 8a4 > 3a + 22a5 + 12a6, which is not true for a 0.2.
Claim (v). b 0.091.
Suppose that b  0.091. From Claim (iii) and (4.4) we get 2b < h. Therefore, using Claim (iv) we
see that B4AFG  B4(1.2)(1+ h) B4(1.2)(1+ 2b) > 2. Therefore (1,4,1,1) holds. That is
4B − 1
2
B5AFG + A + F + G > 7.
As 4B − 12 B5AFG is a decreasing function of B and B  1.091 we have 4(1.091) − 12 (1.091)5A(1 +
h) + A + h > 5. Substituting A = 1 + a and using (1 + a)(1 + h) 1 + a + h we have 1 + 4(1.091) −
1
2 (1.091)
5 + (1− 12 (1.091)5)(a + h) > 5 which is not true for a + h 3a and a < 0.26.
Finally we get the contradiction as follows: From (4.4) we have e  b + h2 , therefore AE FG  (1+
a)(1+h)(1−e) (1+a)(1+h)(1−b− h2 ) = ϕ(h), say. As ϕ′′(h) < 0 and 2b h 2a, therefore ϕ(h)
min(ϕ(2b),ϕ(2a)) 1.16 for a > 0.2 and b < 0.091. Therefore A4E FG  A3(1.16) > 2 for A > 1.2. The
proof of getting a contradiction using inequality (4,1,1,1) in Claim (i) also gives a contradiction in
this case. 
Proposition 12. Case (31) i.e. A > 1, B > 1, C  1, D  1, E  1, F  1, G > 1 does not arise.
Proof. Using Lemma 3 we have a  12 and b 
1
3 . Using Observation (iii) with i = 2, we get 2E > F .
Using inequalities (1,2,1,2,1), (1,2,2,1,1) and (2,2,1,1,1) we have
a − 2c − d − 2 f + g > 0, (4.6)
a − 2c − 2e − f + g > 0, (4.7)
2b − 2d − e − f + g > 0. (4.8)
From (4.6) and (4.7), we get
c + e + f < 3
4
(a + g) − d
4
. (4.9)
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Assume b  0.17. Therefore a 0.17 also as a b. From (4.6) we have f < a+g2 . Therefore AFG 
(1 + a)(1 + g)(1− a+g2 ) = φ(g), say. As φ′′(g) < 0 and 0 g  a, therefore AFG min{φ(0),φ(a)} =
φ(0) = (1 + a)(1 − a2 ) > 1.07 for a  0.17. Hence B4AFG  (1 + b)4(1.07) > 2 for b  0.17. Therefore
(1,4,1,1) holds so A+4B + F +G − 12 B5FG A > 7. As the coeﬃcient of F is negative and F > 1.07AG we
can replace F by 1.07AG to get A + 4B + 1.07AG + G − 12 (1.07)B5 > 7. As G + 1.07AG is an increasing function
of G and G  A, we can replace G by A to get
2A + 1.07
A2
+ 4B − 1
2
(1.07)B5 > 7. (4.10)
Now 2A+ 1.07
A2
is an increasing function of A for A  1.17 and 4B− 12 (1.07)B5 is a decreasing function
of B for B  1.17 therefore we can replace A by 32 and B by 1.17 and see that (4.10) does not hold.
Claim (ii). e + f > 2b.
Assume if possible that e + f  2b. From (4.9) we get e + f < 34 (a+ g). As B2 > 1 CD , therefore
(1,3,1,1,1) holds and hence A + 4B + E + F + G − B4E FG A > 7. Now apply Lemma 10(ii) with
X1 = B , X4 = A, X5 = E , X6 = F , X7 = G , γ = e + f , δ = a + g  43γ , γ  2b and b < 0.17 to get
a contradiction.
Claim (iii). a > 0.26.
Assume that a  0.26. From Claim (ii) and (4.8) we get d < g2 . As (2,1,1,1,1,1) holds. We have
4A − 2A3CDE FG + C + D + E + F + G > 7 and therefore 4A − 2A3(1− (c + e+ f ))DG − (c + e+ f )+
D + G > 4. As the coeﬃcient of (c + e + f ) namely 2A3DG − 1 is positive, we can replace c + e + f
by 34 (a + g) − d4 to get
φ(d) = 4A − 2A3
(
1− 3
4
(a + g) + d
4
)
(1− d)G − 3
4
(a + g) + d
4
+ (1− d) + G > 4. (4.11)
As φ′′(d) > 0 and 0 d < g/2, we have φ(d)max{φ(0),φ(g/2)} = φ(g/2) therefore (4.11) gives
ψ(g) = 4A − 2A3
(
1− 3a
4
− 5g
8
)(
1+ g
2
− g
2
2
)
− 3a
4
− g
8
> 2.
Since ψ ′′(g) > 0 and 0 g  a, therefore ψ(g)max{ψ(0),ψ(a)}. One can easily check that ψ(0) < 2
and ψ(a) < 2 for a 0.26. This gives a contradiction.
Claim (iv). b < 16 .
Assume that b  16 . Working as in Claim (i) we ﬁnd AFG  (1 + a)(1 − a2 ) > 1.096 for a > 0.26.
Therefore B4AFG  2 for b 16 and hence (1,4,1,1) holds. Again proceeding as in Claim (i) we arrive
at a contradiction.
Claim (v). a < 0.285.
Suppose a  0.285. As CD  1, therefore AE FG > 1B >
6
7 . If a > 0.33 then A
3 > 73 so we have
A4E FG > 2. Let now 0.285 a  0.33. From (4.9) we get e + f < 34 (a + g). Then E FG > (1 + g){1 −
3
4 (a + g)} = ψ(g), say. Since ψ ′′(g) < 0 and 0  g  a, therefore ψ(g)  min{ψ(0),ψ(a)} = ψ(a) =
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cases A4E FG > 2. Thus (4,1,1,1) holds. Hence 4A + E + F +G − 12 A5E FG > 7. Since E + F < 1+ E F ,
we get 4A + G − 12 E5E FG + E F > 6. As the coeﬃcient of E F namely 1 − 12 A5G is negative and
E F > 67AG , we can replace E F by
6
7AG and get 4A + G + 67AG − 37 A4 > 6. Again, as G + 67AG is an
increasing function of G and G  A, we can replace G by A and get φ(A) = 5A − 3A47 + 67A2 > 6. We
ﬁnd that φ′(A) = − 12
7A3
(A3 −α1)(A3 −α2), where α1,α2 (α1 < α2) are roots of the quadratic equation
12x2 −35x+12 = 0. As A3 > 1> α1, φ(A) has its maximum at α
1
3
2 = 1.3606 . . . . One can easily check
that φ(A) φ(α
1
3
2 ) < 6. This gives a contradiction.
Claim (vi). c + e > 38 (a + g).
Assume c + e  38 (a + g). As (2,2,2,1) holds, using AM–GM inequality we have 4A + 4C + 4E −
6AC EG
1
3 + G > 7 therefore 4A + 4(1 − (c + e)) − 6A(1 − (c + e))G 13 + G > 3. As the coeﬃcient of
(1 − (c + e)) namely 4 − 6AG 13 is negative we can replace (1 − (c + e)) by 1 − 38 (a + g) to get
4A + 4(1− 38 (a+ g))− 6A(1− 38 (a+ g))G
1
3 + G > 3 or χ(g) = 6+ 5a2 − g2 − 6(1+ a)(1− 3a8 − 3g8 )(1+
g)
1
3 > 0. Further we can replace g by a as χ(g) is an increasing function of g and g  a, therefore
6+ 2a − 6(1− 3a4 )(1+ a)
4
3 > 0 which can be easily seen not to be true for a 0.26.
Finally, we get a contradiction as follows: As c + e > 38 (a+ g), using (4.7) we get f < a+g4 . Further
since from (4.7), 2e + f < a + g we get e + f < 58 (a + g). Now working as in Claim (v) we ﬁnd that
E FG > (1 + g){1 − 58 (a + g)} = ψ(g)  min{ψ(0),ψ(a)} = ψ(0) = (1 − 58a) for a < 0.285. Therefore
A4E FG > (1+ a)4(1− 58a) > 2 for a 0.26 and hence (4,1,1,1) holds. Now working as in Claim (v)
we arrive at a contradiction. 
Proposition 13. Case (15) i.e. A > 1, B > 1, C > 1, D  1, E  1, F  1, G > 1 does not arise.
Proof. Since the lattice generated by (A1,0,0, . . . ,0), (a2,1, A2,0, . . . ,0), . . . , (a6,1,a6,2, . . . ,a6,5, A6)
in R6 has no point in the interior of the sphere with radius A1 centered at the origin, it follows
that (A1S6) A1A2 · · · A6 which gives A62(S6) ABCDEF = 1G < 1. Hence A6  643 which gives
a < 0.67. Similarly B52(S5) BCDE F = 1AG < 1B which gives B6  8 and so b < 0.415. By Lemma 3,
c  13 and 2E > 1  F . Using inequalities (1,1,2,2,1), (2,2,2,1), (1,2,2,1,1), (2,2,1,1,1) and
(1,2,1,2,1) we have
a + b − 2d − 2 f + g > 0, (4.12)
2b − 2d − 2 f + g > 0, (4.13)
a + 2c − 2e − f + g > 0, (4.14)
2b − 2d − e − f + g > 0, (4.15)
a + 2c − d − 2 f + g > 0. (4.16)
Claim (i). c < 0.149.
Suppose c  0.149, this gives C5 > 2, then using inequality (1,1,4,1) and Lemma 11 with X1 = C ,
X2 = A, X3 = B and X4 = G we get a contradiction.
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Suppose f  2c. Since C2  DE the inequality (1,1,3,1,1) holds. Now applying Lemma 10(i) with
X1 = C , X4 = A, X5 = B , X6 = F , X7 = G , γ = f and δ = a + b + g > 2 f = 2γ (from (4.12)), we get
a contradiction as γ  2c = 2x1, and x1 < 0.149.
Claim (iii). b < 0.202.
Suppose b 0.202. From (4.13) we have f < b+ g2 . Therefore FG = (1− f )(1+ g) > (1−b− g2 )(1+
g) = φ(g), say. As φ′′(g) < 0 and 0 g  a, we ﬁnd that φ(g)min{φ(0),φ(a)} = min{(1 − b), (1 +
a)(1−b− a2 )}. Thus B4AFG >min{(1+b)4(1+a)(1−b), (1+b)4(1+a)2(1−b− a2 )}. For a b  0.202,
one checks that (1+ b)4(1+a)(1− b) (1+ b)5(1− b) > 2. Also ψ(a) = (1+ b)4(1+a)2(1− b− a2 )
min{ψ(b),ψ(0.67)} > 2. Therefore (1,4,1,1) holds. That is, A + 4B − 12 B5AFG + F + G > 7. Since the
left side of this inequality is a decreasing function of B , therefore we can replace B by 1.202 to get
A + 4.808− 1
2
(1.202)5AFG + F + G > 7. (4.17)
From Lemma 3, we have 2F  C and F  23 D. This gives 1 − c  2 f and d2  3 f−14 . Also from (4.16),
c+ a+g2 > f + d2 . Adding all these we get f < 13 + 2(a+g)15 . Now the coeﬃcient of F in (4.17) is negative
so we can replace F by 1− 13 − 2(a+g)15 to get
χ(g) = 5.475+ 13(a + g)
15
− (1.254)(1+ a)(1+ g)
{
2
3
− 2(a + g)
15
}
> 5. (4.18)
One can easily check that χ ′′(g) > 0, therefore χ(g)  max{χ(0),χ(a)} which is at most 5 for
0.202 b  a 0.67. This contradicts (4.18).
Claim (iv). a > 0.159.
Suppose a  0.159. As the inequality (1,2,1,1,1,1) holds we have A + 4B − 2B3ADEFG + D +
E + F + G > 7 or
A + 4B − 2B3AEG(1− (d + f ))− (d + f ) + E + G > 5.
From (4.13), we have d+ f < b+ g2 . Using (4.14) and the Claim (ii) we have e < a+g2 . As the coeﬃcient
of d+ f namely 2B3AEG − 1 is positive, we can replace d+ f by b+ g2 to get A + 4B − 2B3AEG{1−
(b+ g2 )} − (b+ g2 )+ E + G > 5. As the coeﬃcient of E namely 1− 2B3AG{1− (b+ g2 )} is negative we
can replace E by (1− a+g2 ) to get
A + 4B − 2B3AG
{
1−
(
b + g
2
)}(
1− a + g
2
)
−
(
b + g
2
)
− a + g
2
+ g > 3
or
φ(g) = 2+ a
2
+ 3b − 2B3A(1+ g)
{
1−
(
b + g
2
)}(
1− a + g
2
)
> 0. (4.19)
Since φ′′(g) > 0, therefore φ(g)max(φ(0),φ(a)). Now φ(0) = 2+ a2 +3b−2B3(1+a)(1− a2 )(1−b) =
ψ(a), say. As ψ ′′(a) > 0 and b a 0.159 we have ψ(a)max(ψ(b),ψ(0.159)). One can easily check
that this is at most 0 for b 0.159. Now φ(a) = 2+ a2 +3b−2B3A2(1− a2 −b)(1−a) = θ(b), say. Since
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This contradicts (4.19).
Claim (v). c < 0.097.
Suppose c  0.097. By Lemma 3, A  43 B 
4
3 (1.202). This gives a < 0.603. From (4.13) and
Claim (ii) we get b + g > f > 2c. Therefore C4GAB  C4(1.159)(1 + b + g)  C4(1.159)(1 + 2c) > 2.
Therefore (1,1,4,1) holds i.e. A+B+4C− 12C5ABG+G > 7. As 4C− 12C5ABG is a decreasing function
of C and C  1.097, therefore we can replace C by 1.097 and get A+ B +4(1.097)− 12 (1.097)5ABG +
G > 7 and so 6.59367+ 0.20566(a + b + g) > 7, which is not true for a + b + g < 3a and a < 0.603.
Claim (vi). a < 0.3816.
Suppose a  0.3816. Now AE FG = 1DBC > 1BC > 1(1.202)(1.097) > 0.75838. Therefore A4E FG > (1 +
a)3(0.75838) > 2 and hence (4,1,1,1) holds. That is, 4A− 12 A5E FG+ E+ F +G > 7. Since E+ F < 1+
E F , this can be rewritten as 4A− 12 A5E FG+1+ E F +G > 7. As the coeﬃcient of E F namely 1− 12 A5G
is negative and E F > 0.75AG , therefore we can replace E F by
0.75
AG to get 4A − 38 A4 + 34AG + G > 6. Again
G + 34AG is an increasing function of G and G  A, therefore we have 5A − 38 A4 + 34A2 > 6. One
can easily check that the maximum of the left side occurs at 3
1
3 which is less than 6. This gives
a contradiction.
Claim (vii). f > 2c + (0.7)g.
Suppose f  2c + 0.7g . As C2  DE , (2,3,1,1) holds, therefore using Observation (v) we have
2B + 4C − C4FG AB + F + G > 7. (4.20)
If 2 − C4FG A < 0 then we get a contradiction because 4C + F + G = 6 + 4c − f + g < 6 + 2c + g <
6 + 2c + a < 7 for f  2c, c < 0.097 and a < 0.3816. Let now 2 − C4FG A  0. We consider the
following two subcases separately.
Subcase (1). A  1.202.
Since the coeﬃcient of B is positive and B  A, we can replace B by A in (4.20) to get
2A + 4C − C4FG A2 + F + G > 7. Further the coeﬃcient of F namely (1 − C4GA2) is less than 0
and F = 1 − f > 1 − 2c − 0.7g therefore we can replace F by 1 − 2c − 0.7g to get φ(g) = 1 + 2a +
4c − (1 + c)4(1 − 2c − 0.7g)GA2 − 2c + 0.3g > 0. Since φ′′(g) > 0, therefore φ(g)max(φ(0),φ(a)).
Now φ(0) = 1 + 2a + 2c − (1 + c)4(1 − 2c)(1 + a)2 = ψ(c), say. Since ψ ′′(c) > 0, therefore ψ(c) 
max(ψ(0),ψ(0.097)) < 0 for a > 0.159. Also φ(a) = 1+ 2.3a + 2c − (1+ c)4(1− 2c − 0.7a)(1+ a)3 =
θ(c), say. Since θ ′′(c) > 0, therefore θ(c)max(θ(0), θ(0.097)) < 0 for 0.159< a 0.202.
Subcase (2). A > 1.202.
Since the coeﬃcient of B is positive and B < 1.202, we can replace B by 1.202 in (4.20) and then F
by 1− 2c− 0.7g to get ϕ(g) = 1.404+ 2c+ 0.3g − 1.202C4(1− 2c− 0.7g)(1+ g)(1+a) > 0. A simple
calculation shows that ϕ(g)max(ϕ(0),ϕ(a)) < 0, for 0.202< a < 0.3816. This contradicts (4.20).
Claim (viii). a > 1/3.
Suppose a  1/3. From (4.14) and Claim (vii) we have e < a2 + 3g20 . As (2,2,2,1) holds, therefore
using AM–GM inequality we have 4A + 4C + 4E − 6AC EG 13 + G > 7. As the coeﬃcient of E namely
4− 6ACG 13 is negative, we can replace E by 1− a2 − 3g20 to get
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5
− 6AC(1+ g) 13
(
1− a
2
− 3g
20
)
> 0. (4.21)
As ϑ ′′(g) > 0 we have ϑ(g)max(ϑ(0),ϑ(a)). One can easily check that ϑ(0) < 0 for a  1/3. Now
ϑ(a) = 6+ 4c + 12a5 − 6(1+ c)(1+ a)
4
3 (1− 13a20 ). As a function of c we ﬁnd that it is decreasing, so we
can replace c by 0 to get ϑ(a) = 6+ 12a5 − 6(1+ a)
4
3 (1− 13a20 ) which is at most 0 for 0.159< a 1/3.
This contradicts (4.21).
Final contradiction. Now we are left with 13 < a < 0.3816. As (2,1,1,1,1,1) holds, we have 4A −
2A3CDE FG + C + D + E + F +G > 7. By (4.15) and Claim (iii) we have d+ e+ f < 2b+ g < 0.404+ g .
Using this we see that the coeﬃcient of C is negative and C > 1, therefore replacing C by 1 we get
4A − 2A3DEFG + D + E + F + G > 6 and so 4A − 2A3EG(1 − d − f ) − (d + f ) + E + G > 4. As the
coeﬃcient of d+ f namely 2A3EG −1 is positive and d+ f < b+ g2 < 0.202+ g2 we can replace d+ f
by 0.202+ g2 to get 4A−2A3EG(0.798− g2 )+0.798+ g2 + E > 4. Repeating a similar argument with E
and using E > 1− a2 − 3g20 we get φ(g) = 1.798+ 7a2 + 7g20 −2(1+a)3(0.798− g2 )(1− a2 − 3g20 )(1+ g) > 0.
As usual one ﬁnds that φ(g)max(φ(0),φ(a)) < 0 for 13 < a < 0.3816, giving a contradiction. 
Proposition 14. Case (8) i.e. A > 1, B > 1, C > 1, D > 1, E  1, F  1, G  1 does not arise.
Proof. Here by Lemma 3, c  12 and d 
1
3 . Also 2E > 1  F and 2F > 1  G . Using the inequalities
(2,2,2,1), (2,2,1,2), (2,1,2,2) and (1,1,1,2,2) we get
2b + 2d − 2 f − g > 0, (4.22)
2b + 2d − e − 2g > 0, (4.23)
2b + c − 2e − 2g > 0, (4.24)
a + b + c − 2e − 2g > 0. (4.25)
From (4.22) and (4.23) we get
f + g < 3
2
(b + d). (4.26)
Claim (i). d < 0.149.
Suppose d  0.149. This gives D5 > 2. Then using inequality (1,1,1,4) and Lemma 11 with
X1 = D , X2 = A, X3 = B and X4 = C we get a contradiction.
Claim (ii). g > 2d.
If g  2d using inequality (1,1,1,3,1) and applying Lemma 10(i) with X1 = D , X2 = A, X3 = B ,
X4 = C , X5 = G , γ = g and δ = a + b + c > 2γ (from (4.25)) we get a contradiction as γ  2d = 2x1,
x1 < 0.149.
Claim (iii). b < 0.4143.
Suppose b  0.4143. Therefore B2 > 2. Then D4ABC  D4B2 > 2 and therefore (1,1,1,4) holds
which yields
A + B + C + 4D − 1 D5ABC > 7.
2
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1
2 ABC > 3. Further we can successively replace C by 1 and B by A, as the coeﬃcients of C and B are
negative and positive respectively. So we get 2A − 12 A2 > 2, which is clearly impossible.
Claim (iv). d < 0.106.
Suppose d  0.106. Then by (4.24) and Claim (ii) we have D4ABC  D5(1 + b + c) D5(1 + g)
D5(1 + 2d) > 2. Therefore (1,1,1,4) holds i.e. A + B + C + 4D − 12 D5ABC > 7. Firstly the coeﬃcient
of A is negative so we can replace A by B . Using (4.23) and Claim (ii) we have b > d and so the
coeﬃcient of C is negative. Therefore we can replace C by 1 and get 2B + 4D − 12 D5B2 > 6. As
2B − 12 D5B2 has a maximum at B = 2/D5 therefore 4D + 2/D5 > 6. This is not true for 1.149 >
D > 1.106.
Claim (v). b > 0.145.
From (4.22) and Claim (ii) we get f < b. The inequality (1,2,2,2) gives
A + 4B − 2B
2
C
+ 4D − 2D
2
E
+ 4F − 2F
2
G
> 7.
Applying AM–GM inequality we have A + 4B + 4D + 4F − 6A 13 BDF > 7. The coeﬃcients of F is
negative so we can replace F by 1 − b. Then the coeﬃcient of D is negative so can replace D by 1
and get A + 4B + 4(1 − b) − 6B(1 − b)A 13 > 3. Further A can be replaced by B as A − 6B(1 − b)A 13
is a decreasing function of A, therefore we get 6 + b − 6(1 + b) 43 (1 − b) > 0, which is not true for
b  0.145.
Claim (vi). g > 2d + 310b.
Suppose g  2d+ 310b. As D2  E F so inequality (1,1,1,3,1) holds i.e. A+B+C+4D−D4ABCG+
G > 7. Since D4ABG > D4BG = (1 + d)4(1 + b)(1 − 2d − 310b) > 1 for b > d and d < 0.106 we can
replace C by 1. Again as D4BG > 1 we can replace A by B to get 2B + 4D + G − D4B2G > 6. Further
G can be replaced by 1− 2d − 310b to get
φ(d) = 1+ 2d + 17
10
b − (1+ d)4(1+ b)2
(
1− 2d − 3
10
b
)
> 0. (4.27)
Since φ′′(d) 0 we have φ(d)max(φ(0),φ(0.106)) which can be easily veriﬁed to be at most zero
for b > 0.145. This gives a contradiction to (4.27), proving thereby the claim.
Claim (vii). b > 0.22.
From (4.22) and Claim (vi) we get f < 1720b. Now using (1,2,2,2) and working exactly as in
Claim (v) we get 6+ 85b − 6(1+ b)
4
3 (1− 1720b) > 0, which is not true if b 0.22.
Claim (viii). g > 2d + (0.36)b.
Suppose g  2d + 0.36b. Use (1,1,1,3,1) and work as in Claim (vi) to get 1 + 2d + 1.64b − (1 +
d)4(1+ b)2(1− 2d − 0.36b) > 0, which is not true for 0 d 0.106 and b > 0.22.
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From (4.22) and Claim (viii) we get f < 0.82b. Now using (1,2,2,2) and working exactly as in
Claim (v) we get 6+ 1.72b − 6(1+ b) 43 (1− 0.82b) > 0, which is not true if b 0.245.
Claim (x). d < 0.066.
Suppose d 0.066. Then by Claim (ix) we have D4ABC  D4B2  (1+ d)4(1.245)2 > 2. Therefore
(1,1,1,4) holds i.e. A + B + C + 4D − 12 D5ABC > 7. Firstly the coeﬃcient of C is negative so we
can replace C by 1. Then we can replace D by 1.066, as it is a decreasing function of D , and get
A + B − 12 (1.066)5AB > 1.736. This gives a contradiction as A  43 B and B < 1.4143.
Claim (xi). f > d + 12b.
Suppose f  d + 12b. Use (1,2,2,2) and work as in Claim (v) replacing A by B , F by 1 − d − 12b
and d by 0.066 to get 6 + 3b − 6(1 + b) 43 (1.066)(1 − 0.066 − 12b) > 0, which is not true for 0.245 <
b < 0.4143.
Claim (xii). b < 0.316.
From (4.22) and Claim (xi) we get g < b. Already f < (0.82)b. Suppose b  0.316. Then B4FG A >
(1 + b)5(1 − b)(1 − (0.82)b) > 2. Therefore (1,4,1,1) gives A + 4B − 12 B5FG A + F + G > 7. The co-
eﬃcients of A, F and G turn out to be negative for F > 1− (0.82)b and G > 1− b. Therefore we can
replace A by B; F by 1− (0.82)b and G by 1− b and get (3.18)b − 12 (1+ b)6(1− b)(1− (0.82b)) > 0
which is not true for b < 0.4143.
Claim (xiii). f > d + (0.6)b.
Suppose f  d + (0.6)b. Apply (1,2,2,2) and work as in Claim (v) to get 6 + (2.6)b − 6(1 +
b)
4
3 (1.066)(1− 0.066− (0.6)b) > 0, which is not true for 0.245< b < 0.316.
Claim (xiv). b < 0.266.
From (4.22) and Claim (xiii), we get g < (0.8)b. Already f < (0.82)b. Suppose b  0.266. Then
B4FG A > (1 + b)5(1 − (0.8)b)(1 − (0.82)b) > 2. Therefore (1,4,1,1) holds and as before replace A
by B , F by 1 − (0.82)b and G by 1 − (0.8)b to get (3.38)b − 12 (1 + b)6(1 − (0.8)b)(1 − (0.82)b) > 0
which is not possible.
Claim (xv). f > d + (0.67)b.
Suppose f  d + (0.67)b. Apply (1,2,2,2) and work as in Claim (v) to get 6 + (2.32)b − 6(1 +
b)
4
3 (1.066)(1− 0.066− (0.67)b) > 0 which is not true for 0.245< b < 0.266.
Finally we get a contradiction as follows: From (4.22) and Claim (xv) we get g < (0.66)b. Already
f < (0.82)b. Then B4FG A > (1 + b)5(1 − (0.66)b)(1 − (0.82)b) > 2 for b > 0.245. Using (1,4,1,1)
as before, we get 3.52b − 12 (1 + b)6(1 − (0.66)b)(1 − (0.82)b) > 0 which is not possible for 0.245 <
b < 0.266. 
Proposition 15. Case (16) i.e. A > 1, B > 1, C > 1, D  1, E  1, F  1, G  1 does not arise.
Proof. Here by Lemma 3, c  13 and b 
1
2 . Also 2E  B > 1  F and 2F  C > 1  G . Using the
inequalities (2,2,1,1,1), (2,2,1,2), (2,2,2,1) and (1,2,2,1,1) we get
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2b − 2d − e − 2g > 0, (4.29)
2b − 2d − 2 f − g > 0, (4.30)
a + 2c − 2e − f − g > 0. (4.31)
From (4.29) and (4.30) we have
g < b, f < b, d + f + g < 3b
2
. (4.32)
Claim (i). B > C.
Suppose C  B . Now C2 > 1 DE , therefore (1,1,3,1,1) holds i.e. 4C − C4ABFG + A + B + F +
G > 7. Note that C3ABFG  B5FG  (1 + b)5(1 − b)2 > 1 for b < 12 . We can successively replace C
by B and A by B as 4C − C4ABFG is a decreasing function of C and the coeﬃcient of A namely
1 − B5FG is negative and A  B . So we get 6B + F + G − B6FG > 7 which implies 6B − ( f + g) −
B6(1− ( f + g)) > 5. As the coeﬃcient of f + g namely B6 − 1 is positive and f + g < 32b from (4.32),
so we can replace f + g by 3b2 to get 6B − B6(1− 32b) − 32b > 5, which is not true as b c  13 .
Claim (ii). b < 0.47.
Suppose b  0.47. From (4.32) we have g < b, therefore B5GA  B6(1−b) 163 and hence (1,5,1)
holds. That is A + 4B + G − 316 B6GA > 7. As the coeﬃcient of G namely 1 − 316 B6A is negative and
G > 1− b, therefore we can replace G by 1− b to get A + 4B + (1− b) − 316 B6A(1− b) > 7. Now the
coeﬃcient of A namely 1 − 316 B6(1 − b) is negative and A  B , therefore we can replace A by B to
get φ(b) = 4b− 316 (1+ b)7(1− b) > 1. Since φ(b) is a decreasing function of b and b 0.47, therefore
φ(b) φ(0.47) < 1. This gives a contradiction.
Claim (iii). c < 0.25.
Suppose c  0.25. From (4.32) and Claim (ii) we get G > 1 − b > 0.53. Now ABC4G  C6G 
(1.25)6(0.53) > 2, therefore (1,1,4,1) holds. That is 4C − 12C5ABG + A + B + G > 7. As the co-
eﬃcient of B namely 1 − 12C5AG is negative and B > C so we can replace B by C to get
5C − 12C6AG + A + G > 7. As 5C − 12C6AG is a decreasing function of C and C  1.25, therefore
A + G − 12 (1.25)6AG > 0.75. Further the coeﬃcient of A is negative so we can replace A by 1.25 to
get φ(G) = 1.25+ G − 12 (1.25)7G > 0.75, which is not true as G > 0.53.
Claim (iv). a < 0.55.
Suppose a  0.55. Now AE FG = 1DBC > 1BC > 1(1.47)(1.25) > 0.544. Therefore A4E FG > 2 for A 
1.55. Hence (4,1,1,1) holds i.e. 4A − 12 A5E FG + E + F + G > 7. Since E + F + G < 2+ E FG we have
4A − 12 A5E FG + 2 + E FG > 7. Now the coeﬃcient of E FG i.e. 1 − 12 A5 is negative and E FG > 0.544A ,
therefore we can replace E FG by 0.544A to get φ(A) = 4A − 12 A4(0.544) + 0.544A > 5. As φ(A) is a
decreasing function of A and A  1.55 therefore φ(A) φ(1.55) < 5, a contradiction.
Claim (v). c < 0.19.
Suppose c  0.19 then C4  2. Therefore C4ABG  2 as ABG  B2G > (1+2b)(1−b) > 1 for b 12 .
Hence (1,1,4,1) holds i.e. 4C − 12C5ABG + A + B + G > 7. As the coeﬃcient of G namely 1− 12C5AB
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As the left-hand side is a decreasing function of C and C > 1.19 we can replace C by 1.19 to get
0.76+a− 12 (1.19)5(1−b)2(1+a) > 0. One can easily see that it is not true for a < 0.55 and b < 0.47.
Claim (vi). b < 0.4.
Suppose b  0.4. As DE < 1, therefore ABC FG > 1 or AFG > 1BC >
1
(1.47)(1.19) > 0.56. Thus
B4AFG > 2 for B  1.4. Therefore (1,4,1,1) holds. Hence 4B − 12 B5AFG + A + F + G > 7 or
4B − 12 B5AFG + A + FG > 6. As the coeﬃcient of FG namely 1 − 12 B5A is negative and FG > 0.56A ,
therefore we can replace FG by 0.56A to get φ(A, B) = 4B − 12 (0.56)B5 + A + 0.56A > 6. Now φ(A, B) is
an increasing function of A and a decreasing function of B , therefore φ(A, B) φ(1.55,1.4) < 6. This
gives a contradiction.
Claim (vii). b > 0.149.
Suppose b  0.149. As the inequality (1,2,1,1,1,1) holds therefore 4B − 2B3DEFG A + A + D +
E + F + G > 7 or 4B − 2B3(1 − (d + e + f + g)) + A − (d + e + f + g) > 3. As the coeﬃcient of
d + e + f + g namely 2B3A − 1 is positive and d + e + f + g < 2b, from (4.28), therefore we can
replace d + e + f + g by 2b to get 4B − 2B3A(1 − 2b) + A − 2b > 3. Further the coeﬃcient of A
namely 1−2B3(1−2b) < 0 and A  B so we can replace A by B to get 5B −2B4(1−2b)−2b > 3 i.e.
φ(b) = 2 + 3b − 2(1 + b)4(1 − 2b) > 0. As φ′′(b) > 0 therefore φ(b)max{φ(0),φ(0.149)} 0 giving
thereby a contradiction.
Claim (viii). b < 0.283.
Suppose b  0.283. From (4.32) we have f + g < 3b2 . Therefore B4FG A > B5(1 − 32b) > 2 for
0.283 b < 0.4. Hence (1,4,1,1) holds. Therefore 4B − 12 B5AFG + A + F + G > 7 i.e. 4B − 12 B5A(1−
f − g)+ A − ( f + g) > 5. As the coeﬃcient of f + g i.e. 12 B5A −1 is positive therefore we can replace
f + g by 3b2 to get 4B − 12 B5A(1− 3b2 ) + A − 3b2 > 5. As the coeﬃcient of A namely 1− 12 B5(1− 3b2 )
is negative and A  B and therefore we can replace A by B to get φ(b) = 7b2 − 12 (1+ b)6(1− 3b2 ) > 0.
Now φ′′(b) > 0 so φ(b)max(φ(0.283),φ(0.4)) < 0. Thus, we get a contradiction.
Claim (ix). a < 0.452.
Suppose a  0.452. Now AE FG > 1BC >
1
(1.283)(1.19) > 0.654, therefore A
4E FG > 2 and hence
(4,1,1,1) i.e. 4A − 12 A5E FG + E + F + G > 7. Therefore, proceeding as in Claim (iv) we get
φ(A) = 4A − 12 A4(0.654) + 0.654A > 5. As φ(A) is a decreasing function of A and A  1.452 there-
fore φ(A) φ(1.452) < 5, a contradiction.
Claim (x). b > a2 .
Suppose b  a2 . From (4.28) we get d + e + f + g < 2b < a. As (3,1,1,1,1) holds we have 4A −
A4DEFG + D + E + F + G > 7. Applying Lemma 8(ii) with γ = d + e + f + g, and x1 = a < 12 we get
a contradiction.
Claim (xi). f + g > 2c.
Suppose f + g  2c. As the inequality (1,1,3,1,1) holds we have 4C − C4ABFG + A + B + F +
G > 7. As the coeﬃcient of B namely 1 − C4AFG is negative and B > C , we can replace B by C
to get 5C − C5AFG + A + F + G > 7. Again the coeﬃcient of A namely 1 − C5FG is negative and
A  C therefore we can replace A by C to get 6C − C6FG + F + G > 7 and so 6C − C6(1− ( f + g))+
(1 − ( f + g)) > 6. As the coeﬃcient of (1 − ( f + g)) i.e. 1 − C6 is negative and f + g  2c we get
6C − C6(1− 2c) + (1− 2c) > 6, which is not true for c < 0.19.
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Suppose b  0.2. By Claim (x) we get a  2b  0.4. From (4.31) and Claim (xi) we get e < a2 .
From (4.32) we already have d + f + g < 3b2 . Now using the inequality (1,2,1,1,1,1), we get 4B −
2B3ADEFG + A + D + E + F + G > 7 and so 4B − 2B3AE{1− (d+ f + g)} + A + E − (d+ f + g) > 4.
As AE > (1+a)(1− a2 ) > 1 for a < 12 , the coeﬃcient of d+ f + g namely 2B3AE − 1 is positive so we
can replace d + f + g by 3b2 to get 4B − 3b2 − 2B3AE(1 − 3b2 ) + A + E > 4. Again the coeﬃcient of E
namely 1− 2B3A(1− 3b2 ) is negative for b 13 , therefore we can replace e by a2 to get
φ(b) = 2+ a
2
+ 5b
2
− 2(1+ b)3(1+ a)
(
1− a
2
)(
1− 3b
2
)
> 0. (4.33)
One ﬁnds that φ′′(b)>0. We have b>0.149 and bmin(a,0.2). Therefore φ(b) max{φ(0.149),φ(a)}
if a  0.2 and φ(b)  max{φ(0.149),φ(0.2)} if a  0.2. One can easily verify that φ(0.149) =
2.3725 + a2 − (2.35576)(1 + a)(1 − a2 ) < 0 for 0.149 < a  0.4. If a  0.2 then φ(a) = 2 + 3a − 2(1 +
a)4(1− a2 )(1− 3a2 ) < 0. If a 0.2 then φ(0.2) = 2.5+ a2 − (2.4192)(1+ a)(1− a2 ) < 0 for a 0.4. Thus
in both cases φ(b) < 0. This contradicts (4.33).
Claim (xiii). d + f > 3b4 .
Suppose d + f  3b4 . As (1,2,2,2) holds we have A + 4B + 4D + 4F − 6BDF A
1
3 > 7 which gives
6+a+4b−4(d+ f )−6(1+b)(1− (d+ f ))(1+a) 13 > 0. As the coeﬃcient of d+ f namely 6(1+b)(1+
a)
1
3 − 4 is positive, we can replace d+ f by 3b4 to get φ(a) = 6+a+ b− 6(1+ b)(1− 3b4 )(1+ a)
1
3 > 0.
Now φ′(a) < 0 for b < 13 and a < 0.452. Therefore φ(a) φ(b) = 6+2b−6(1− 3b4 )(1+b)
4
3 which can
be veriﬁed to be at most 0 for 0.2< b < 0.283. This gives a contradiction.
Claim (xiv). b < 14 .
Suppose b  14 . From (4.30) and Claim (xiii) we get g <
b
2 . We already have f < b. Therefore
B4AFG > B5(1 − b)(1 − b2 ) > 2 and so (1,4,1,1) holds. That is 4B − 12 B5AFG + A + F + G > 7. As
the coeﬃcient of G i.e. 1− 12 B5AF is negative and g < b2 , therefore we can replace G by 1− b2 to get
4B − 12 B5AF (1− b2 )+ A+ F + (1− b2 ) > 7. As the coeﬃcient of F namely 1− 12 B5A(1− b2 ) is negative
and F > 1− b, therefore we can replace F by 1− b to get 4B − 12 B5A(1− b2 )(1− b) − 3b2 > 5. As the
coeﬃcient of A namely 1− 12 B5(1− b2 )(1− b) is negative and A  B , therefore 5B − 12 B6(1− b2 )(1−
b) − 3b2 > 5 or 7b2 − 12 (1+ b)6(1− 3b2 )(1− b) > 0, which is not true for 0.25< b < 0.283.
Claim (xv). d + f > (0.8)b.
Suppose d + f  (0.8)b. Proceeding as in Claim (xiii) we get φ(a) = 6 + a + 0.8b − 6(1 + b)(1 −
(0.8)b)(1 + a) 13 > 0. One can easily check that φ(a)  φ(b) < 0 for 0.2 < b < 0.25. This gives a con-
tradiction.
Final contradiction. From Claim (xv) and (4.30) we get g < (0.4)b. Already we have d + f < b and
e < a2 . Proceeding as in Claim (xii) we get in place of (4.33) the following
φ(b) = 2+ a
2
+ 2.6b − 2(1+ b)3(1+ a)
(
1− a
2
)(
1− (0.4)b)(1− b) > 0. (4.34)
A simple calculation shows that (4.34) is not true for 0.2< b < 0.25.
Proof of the theorem follows from Propositions 1–15. 
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